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Question 1 4 points

Explain the principle of virtual work and its significance in finite element analysis.

ANSWER

The principle of virtual work states that for any virtual displacement, the internal virtual work is equal to the
external virtual work. This principle is used to derive the finite element equations by equating the virtual work on
both sides, providing a foundation for solving equilibrium problems in computational mechanics.

GRADING RUBRIC

Provide a clear explanation of the principle of virtual work and its role in equilibrium conditions. Mention the use
of virtual displacements and how they help derive the equations used in finite element analysis. Discuss its
significance in ensuring the consistency of numerical solutions in mechanical simulations.
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Question 2 6 points

Calculate the displacement at x = L for the beam shown in the diagram below with the following conditions:
EA =1000N/m’ #8 = 50N/m, L = 2m. Assume boundary conditions: u|,—o = 0.

EA =1000 N/m?
8 =50 N/m

L=2m
Fig. 2. Circuit diagram for Question 2

ANSWER

1m

GRADING RUBRIC

2
1. Setup the differential equation: EA% ol fB = 0. 2. Integrate twice considering the boundary conditions to

obtain the expression for displacement. 3. Substitute = L to find displacement at the end. 4. Verify: The correct
numerical value should be 1 m.
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Question 3 8 points

Consider the 1D finite element model for a bar under tension shown in the diagram below. Determine the
stiffness matrix and analyze the equilibrium conditions given these parameters: A = 0.01 m?, E = 200 GPa,
Element length L = 1 m.

E =200 GPa
Z A=0.01 m?
|: F
L L=1m “
L [ |
Uq Uo
_> _)
Fi<—o o—>F
Node 1 Element 1 Node 2

Fig. 3. Circuit diagram for Question 3

Part 3.1 4 points

Calculate the stiffness of the element.

Part 3.2 4 points

Discuss the equilibrium conditions for the element.

PART (A)

Calculate the stiffness of the element.

ANSWER
2 MN/m

GRADING RUBRIC
1. Use the formula &k = ATE to calculate the stiffness. 2. Substitute A = 0.01 m?, E = 200 GPa, and

L = 1m. 3. Perform calculations: K = 2MN /m. 4. Ensure unit consistency in the final answer.

PART (B)

Discuss the equilibrium conditions for the element.

ANSWER

Equilibrium is maintained by ensuring the sum of forces equals zero. This requires balancing internal and
external forces at each node.

GRADING RUBRIC

Explain that equilibrium involves setting the total internal force equal to the total external force. Mention
the need for force balance at each node along the element. Include any assumptions necessary for
resolving forces within the element.
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Question 4 6 points

Given the 2D quadrilateral element in the diagram below with vertices experiencing displacements ©1 = 0.005
and vl = —0.003, calculate the strain components €, and €,,. Assume a linear strain-displacement
relationship.

2D Quadrilateral Element with Nodal Displacements

5

4 4

3 4

>
2 E
l 4
V.= Linear Strain-Displacement Relationship:
Exx = g_i
e =
Yy = oy
of s
0 1 2 3 4 5

X

Fig. 4. Circuit diagram for Question 4

ANSWER
€22 = 0.005m/m, €, = —0.003m/m

GRADING RUBRIC
1. For linear strain-displacement relationship, use: €, = % and €, = Z—Z. 2. Given displacements at a node,

approximate for strains. 3. Perform necessary calculations and verify: €,, = 0.005, €, = —0.003.
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Question 5 6 points

Apply the principle of virtual work to the 1D beam shown in the diagram below with length L = 3 m, cross-
sectional area A = 0.05m?, and modulus of elasticity E = 150 GPa. External load fZ = 20 N/m and point
load R = 100 N at the end. Determine internal and external virtual work.

R=100N
o FERTRRRNEY e—
= A 8= 20 N/m E = 150 GPa
707 b
RA, [« kL g Rg
Fig. 5. Circuit diagram for Question 5
Part 5.1 3 points

Calculate the internal virtual work.

Part 5.2 3 points

Calculate the external virtual work.

PART (A)

Calculate the internal virtual work.

ANSWER

. . . . L
The internal virtual work is calculated using fo %EA% dz.

GRADING RUBRIC

Discuss the calculation of internal work through integration. Provide the integration steps for EA%
across [0, L]. Verify with proper substitution of parameters: Correct approach provides a clear pathway to
solution.

PART (B)

Calculate the external virtual work.

ANSWER
The external virtual work fOL fBéudz + Réur.

GRADING RUBRIC

Describe integration of external work components. Detail calculations using fB and R. Discuss
effectiveness of approach and check calculations to achieve accurate division of forces in displacement
calculations.
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